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a b s t r a c t
We first show that like a scalar-valued case, a vector-valued weakly almost periodic
function also satisfies the Parseval’s equality. Thenwe show that the space of vector-valued
weakly almost periodic functions is a proper subspace of pseudo almost periodic functions.
These solve two open questions on almost periodic type functions.
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1. Introduction
Let H be a complex Hilbert space and let C(R,H) denote the space of bounded continuous H-valued functions from R to
H with a supremum norm. If H = C, the complex numbers, we will omit H from our notations, for example, we write C(R)
forC(R,H). For a function f ∈ C(R,H), the translate of f by s ∈ R is the function Rsf such that Rsf (t) = f (t+s) for all t ∈ R.
A function f ∈ C(R,H) is called (weakly) almost periodic if the set {Rsf : s ∈ R} is (weakly) relatively compact in C(R,H).
Denote byAP (R,H) (respectively,WAP (R,H)) the space of all the (respectively, weakly) almost periodic functions. It is
well known (e.g., [1,2]) that if a function f is inAP (R,H) then the means
M(f (t)e−iλt) = lim
T→∞
1
2T
∫ T
−T
f (t)e−iλtdt (λ ∈ R) (1.1)
exist, and the frequency set
Freq(f ) = {λ ∈ R : M(f (t)e−iλt) 6= 0} (1.2)
is countable (or finite). Thus f has an associated Fourier series
f (t) ∼
∞∑
k=1
Akeiλkt ,
where λk ∈ Freq(f ) and Ak = M(f (t) exp{−iλkt}) ∈ H , and the Parseval’s equality
M(‖f (t)‖2) =
∞∑
k=1
‖Ak‖2 (1.3)
holds.
We remark that for the vector-valued case, the Parseval’s equality is meaningful only for a Hilbert space. That is why we
consider Hilbert-valued functions only in this paper.
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It is well known that if f ∈ WAP (R) then (1.1)–(1.3) also hold [3] (or, see [2]). For the vector-valued case, let the space
WRC(R,H) consist of those members f ofWAP (R,H) for which the range f (R) is relatively compact in H . [4] shows that if
f ∈ WRC(R,H) then (1.1)–(1.3) hold. However, Example 2 in [5] combining with [2, Theorem 1.7.2] shows thatWRC(R,H)
is a proper subspace of WAP (R,H). For f ∈ WAP (R,H), it is only known that (1.1) and (1.2) hold [2]; whether or not
(1.3) also holds has been an unsolved problem for a long time.
Every f ∈ WAP (R,H) admits the unique decomposition: f = g + ϕ, where g ∈ AP (R,H) and ϕ is such that
M(ϕe−iλ·) = 0 for all λ ∈ R (e.g., see [6,7,4,5,8,9,2]).
In [10–13] we proposed the spacePAP (R,H) of pseudo almost periodic functions. A function f is inPAP (R,H) if and
only if f = g + ϕ, where g ∈ AP (R,H) and ϕ ∈ PAP0(R,H)with
PAP0(R,H) = {ϕ ∈ C(R,H) : M(‖ϕ‖) = 0}.
In the scalar-valued case, WAP (R) ⊂ PAP (R) (see, e.g, [6,7,4,5,2]). It follows from [4, Corollary 4.19] that
WRC(R,H) ⊂ PAP (R,H). Wether or notWAP (R,H) ⊂ PAP (R,H) is another unsolved problem.
We opened the two unsolved problems above on P.41 and P.65 respectively in [2]. In the present paper, we will solve
these two problems affirmatively.
2. Main results
If f , g ∈ C(R,H), it is obvious that the function (f (·), g(·)) is bounded and continuous on R. To show the main results,
it is essential to show that (f (·), g(·)) ∈ WAP (R) when f , g ∈ WAP (R,H). [4] gets this under the assumption that f ,
g ∈ WRC(R,H). In the next Lemma we show this without the assumption and so, we have to use a quite different proof
Lemma 2.1. If f , g ∈ WAP (R,H) then the scalar-valued function F(·) = (f (·), g(·)) is inWAP (R).
Proof. Set X = C(R,H)× C(R,H). Define the mapping T : X → C(R) by, for f , g ∈ C(R,H),
T (f , g) = (f (·), g(·)).
It is clear that T is bounded linear. Let R(T ) be the range of T . Obviously R(T ) is a closed subspace of C(R).
Set Ker T = {(f , g) ∈ X : T (f , g) = 0}. Then Ker T is a closed subspace of X in sense of both the norm topology and the
weak topology. Set X0 = X/Ker T . The quotient space X0 is a Banach space because Ker T is norm-closed and X is Banach
space. Let T0 be the mapping induced by T on X0. Thus, T0 is a norm topology isomorphism and so, is also a weak topology
isomorphism between X0 and R(T ). We remark that the canonical mapping φ : X → X0 is continuous in both the norm
topology (‖·‖−‖·‖q, where ‖·‖ and ‖·‖q are norms on X and X0 respectively) and theweak topology (σ(X, X∗)−σ(X0, X∗0 )).
We remark also that σ(X0, X∗0 ) coincides with the quotient topology in the weak sense.
For f , g ∈ WAP (R,H), to show (f (·), g(·)) ∈ WAP (R)we need to show, by the definition of weak almost periodicity,
that the set {(Rsf (·), Rsg(·)) : s ∈ R} is relatively weakly compact in C(R). Since the set {(Rsf , Rsg) : s ∈ R} is relatively
weakly compact in X , to show the conclusion we only need to point out that T is weakly continuous. T indeed is so because
T = T0 ◦ φ and as we have already pointed out in the last paragraph, both T0 and φ are weakly continuous. The proof is
complete. 
Lemma 2.1 justifies the following definition.
Definition 2.2. Let f , g ∈ WAP (R,H). The mean convolution f ∗¯g of f and g is defined by
f ∗¯g(t) = M((f (·), g(t − ·))) = lim
T→∞
1
2T
∫ T
−T
(f (s), g(t − s))ds. (2.1)
Theorem 2.3. Let f , g ∈ WAP (R,H). Then mean convolution f ∗¯g is almost periodic.
Proof. Let F = f ∗¯g and let {sn} be any sequence in R. Then RsnF(t) = M((f (·), g(t + sn − ·))) = M((f (· + sn), g(t − ·))).
Since f ∈ WAP (R,H), there exist a subsequence {snk} and w ∈ WAP (R,H) such that Rsnk f → w weakly. Now we show
that
lim
k→∞ Rsnk F(t) = w∗¯g(t) = M((w(·), g(t − ·)))
uniformly in t ∈ R. The Schwartz inequality implies that
|Rsnk F(t)−M((w(·), g(t − ·)))|2 = |M((f (· + snk)− w(·), g(t − ·)))|2
≤ ‖g‖M (|f (· + snk)− w(·)|2) .
The last expression not involving t , the assertion follows from the remark that
lim
k→∞ |f (· + snk)− w(·)|
2 = 0
weakly (Lemma 2.1) and the meanM is a bounded linear functional onWAP (R). This completes the proof. 
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Theorem 2.4. Let f ∈ WAP (R,H) and f (t) ∼∑∞k=1 Akeiλkt , then the Parseval’s equality
M(‖f (·)‖2) =
∞∑
k=1
‖Ak‖2
holds.
Proof. Let z = f ∗¯f ∗, where f ∗(t) = f (−t) for all t ∈ R. Let a(λ) = M(f e−iλ·) and c(λ) = M(ze−iλ·). We claim that
c(λ) = ‖a(λ)‖2. By [3, Theorem 14.2] (or see [2, Theorem 1.3.16]),
Ms
(
Mt((f (t), f (t − s))e−iλs)
) = Mt (Ms((f (t), f (t − s))e−iλs)) ,
whereMs (respectivelyMt ) indicates that the meanmust be taken with respect to variable s (respectively, t). Now it follows
from some operations of means and inner products that
c(λ) = Ms(z(s)e−iλs)
= Ms
(
Mt((f (t), f (t − s))e−iλs)
)
= Mt
(
Ms((f (t), f (t − s))e−iλs)
)
= Mt
(
f (t),Ms(f (t − s)eiλs)
)
= Mt
(
f (t)e−iλt ,Ms(f (s)e−iλs)
)
= (a(λ), a(λ)) = ‖a(λ)‖2.
This shows that z and f have the same Fourier exponents. By Theorem 2.3, z ∈ AP (R). So,
z ∼
∞∑
k=1
‖Ak‖2eiλkt .
It follows from Bessel’s inequality (e.g., [2, theorem 1.3.17]) that the series above is absolutely and uniformly convergent.
Let S(t) be the limit function of the series. Then S ∈ AP (R). It is clear that S and z have the same Fourier series. By the
uniqueness theorem of almost periodic functions, S = z. Note z(t) = Ms((f (s), f (s − t))). Setting t = 0, we obtain the
Parseval’s equality. The proof is complete. 
As a corollary of the last theorem, we solve the second open question.
Corollary 2.5. WAP (R,H) ⊂ PAP (R,H). The inclusion is proper.
Proof. Let f ∈ WAP (R,H). As we point out in Introduction (or see [2, Theorem 1.4.10]), f = g + ϕ, where g ∈ AP (R,H)
and ϕ is such thatM(ϕe−iλ·) = 0 for all λ ∈ R. That is, ϕ has an associated fourier series of zero. Since ϕ ∈ WAP (R,H), by
Theorem 2.4M(‖ϕ‖2) = 0. Note thatM(‖ϕ‖2) = 0 implies thatM(‖ϕ‖) = 0 because
1
2T
∫ T
−T
‖ϕ(t)‖dt ≤ 1
2T
[∫ T
−T
‖ϕ(t)‖2dt
]1/2 [∫ T
−T
1dt
]1/2
=
[
1
2T
∫ T
−T
‖ϕ(t)‖2dt
]1/2
.
So, ϕ ∈ PAP0(R,H). That is, f ∈ PAP (R,H). The inclusion is proper because members of WAP (R,H) are uniformly
continuous on R [14,15,2], while members of PAP (R,H)may not be so [2, P65]. The proof is complete. 
As an application of the results above, we give the following example.
Example 2.6. Let {en}∞n=1 be the standard orthonormal basis in l2. Define
xn =
{
e2n+1 n ≥ 0
e−2n n < 0.
It is readily seen that {xn} is a weakly almost periodic sequence. Define
f (t) = xn + (t − n)(xn+1 − xn) (n ≤ t < n+ 1).
It follows from the proof of the necessity in [2, Theorem 1.7.10] that f ∈ WAP (R, l2). Note that when xn weakly converges
to 0, it is easy to show that f has the Fourier series of zero. By the Parseval’s equality (Theorem 2.4) M(‖f (·)‖2) = 0. Then
for any functions g ∈ WAP (R), one has gf ∈ WAP (R, l2) with M(‖g(·)f (·)‖2) = 0. By Corollary 2.5, we also have
gf ∈ PAP0(R, l2).
Remark 2.7. (1). One of reviewers pointed out that Lemma 2.1 was proven in [16, Corollary 2.9. page 12–13] and suggested
to omit the proof. However, we feel people will probably have no way of obtaining this unpublished Ph.D thesis easily and
quickly. In this situation, for the convenience of the readers we prefer to keep the proof.
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(2). As we point out early, in the vector-valued case, Parseval’s equality is meaningful only for a Hilbert space. In this
regard, Theorem 2.4 is sharp.
(3). Let X be a Banach space. The following problem still opens: If
WAP (R, X) ⊂ PAP (R, X)?
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